EVERYWHERE REGULARITY OF CERTAIN TYPES OF PARABOLIC 

SYSTEMS 
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ABSTRACT. In this paper I discuss nonlinear parabolic systems that are generalizations of 
scalar diffusion equations. More precisely, I consider systems of the form 

u, — A[V<E>(u)] = 0, 

where 0(z) is a strictly convex function. I show that when <I> is a function only of the norm 
of u, then bounded weak solutions of these parabolic systems are everywhere Holder con- 
tinuous and thus everywhere smooth. I also show that the method used to prove this result 
can be easily adopted to simplify the proof of the result due to Wiegner |7 1 on everywhere 
regularity of bounded weak solutions of strongly coupled parabolic systems. 
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1. Introduction 

The theory of regularity of nonlinear scalar elliptic and parabolic equations is by now 
classical. It goes back to the ground breaking work on equations in divergence form by 
De Giorgi, Moser and Nash in the late fifties. Since then, Holder estimates for general 
nonlinear elliptic and parabolic equations were derived by Krylov and Safonov. However, 
it became clear quite early on, after discovery of counter examples, that nonlinear elliptic 
and parabolic systems do not, in general, possess everywhere regularity. Instead, only 
partial regularity results are available 151 . 

Despite the lack of everywhere Holder continuity of weak solutions of general elliptic 
and parabolic systems, there are several nontrivial examples that do possess everywhere 
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regularity due to their special structure. One of the earliest such examples of a fully non- 
linear elliptic system whose weak solutions are everywhere Holder continuous is due to 
Uhlenbeck [6 |. She considered elliptic systems of the form 

-(g(|Vu| 2 KJ. Ta =0 for/e{l...jV}, 

with some additional ellipticity and grows conditions on g. Uhlenbeck's proof of Holder 
continuity of weak solutions of these systems relies crucially on the existence of an auxil- 
iary function which is subharmonic. This auxiliary function (entropy) is tied to |V 2 u| 2 by 
an inequality, and this allows local control on the second derivatives of u. 

The parabolic examples of fully nonlinear systems possessing everywhere regularity 
followed somewhat later. Wiegner in [7| provided an original example of such a system. 
He showed everywhere Holder continuity of weak solutions of strongly coupled systems 

( 1 ■ 1 ) «r - (lap 4 p + cf a pH Xp )xa = °J 

with H : = H(u) a strictly convex function of u and strict ellipticity conditions on the co- 
efficients. His work has been followed by several others, including Dung [2|, on strongly 
coupled system, and Bae and Choe fl] on a parabolic analog of the example of Uhlen- 
beck. Unlike Uhlenbeck's work, however, none of the proofs of everywhere regularity for 
aforementioned parabolic examples rely explicitly on the existence of entropy. 

In this paper I provide new examples of parabolic systems whose weak solutions are 
everywhere Holder continuous. These systems are a type of nonlinear diffusion systems, 
and are of the form 

(1.2) u, -A(V*(u)) =0 

where <£>(z) is a strictly convex function. These systems are interesting since they general- 
ize scalar nonlinear diffusion equations of the form 

u t — A(y(z<)) =0, 

where y is strictly increasing. I will show that if <t>(z) depends only on the norm of z, then, 
together with some smoothness and grows conditions on <t>, weak solutions of diffusion 
systems (11.21 ) are everywhere Holder continuous. I will do this by exhibiting an entropy, 
and showing that existence of entropy together with properties of general parabolic systems 
suffices to prove everywhere regularity. In the conclusion, I will show that regularity of 
bounded weak solutions to the strongly coupled systems (11. Il l can also be obtained with 
the help of an entropy. 

Let me introduce notation that I will use throughout this paper. I consider parabolic 
space to consist of space and time with space being of n dimensions and time of one 
dimension. In this paper I will deal with cylindrical domains for simplicity. By elliptic 
domain £2 C R" I will mean space domain. Cylindrical parabolic domain £2 x (0,r) C 
R" x R f , where T > 0, will be denoted by Q.t- The time interval of the cylindrical domain 
Q.T, that is the interval (0, T) in the case of £2j = £2 x (0, T), will be denoted by /(fir). By 
B r (x) I will mean an n dimensional ball as a subset of R" with center at x and of radius r. 
Q(x,t,r) will denote the cylinder 

Q(x,t,r) :=B r (x) x (t-r 2 ,t). 

I will write B, or B instead of B r (x) when x or r are clear from the context. Similarly, 
sometimes I will write Q r or Q instead of Q(x,t,r). For a Lebesgue measurable set S 
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by \S\ I will mean Lebesgue measure of S. Finally V(£It',W) will denote the closure of 
C 1 (i2r;H n ) functions under the norm 



M\v(Ot 

tei(a T 



sup / |v(x,f)| 2 dx + \\ |Vv(x,f)| 2 dxdf. 
tei(n T )J® JJ&t 



2. Partial regularity of nonlinear systems 

In this section we recall partial regularity results for weak solutions of quasi-linear par- 
abolic systems of the form 

(2.1) <~{Af (x,u)ui ? ) Xa =0 Vi£{l...iV}, 

where coefficients A- • satisfy the following condition of strong elhpticity: 

(2.2) *if&U >MZ\ 2 for all | 6 R" N , for some A > 0. 

By a weak solution in this case I mean a function u 6 V(Q.t',R n ) that satisfies 

-u l v\+AfPu{ R v l x dxdf^O, foraUvGHjfftrjE^). 
It is well known that weak solutions of systems of this type possess partial regularity under 

ttB 

some appropriate continuity conditions on A-. . The important result in this area is the 
following local regularity result due to Giaquinta and Struwe: flU 

Theorem 2.1 (Local regularity condition). Suppose coefficients Af? satisfy condition ( 12.2b , 
are continuous and bounded. Also suppose u G V(£It) is a weak solution of i2.l\ . Then, 
if for some (xo,to) 6 £V 

(2.3) liminf— (( IVul 2 dxdt = 0, 
f/ien u is Holder continuous in the neighborhood of '(xo,?o). 



Condition ( I2.3I ) is the basis for the proofs of everywhere regularity that we will discuss 
in the rest of this paper. We will, however, need one more result due to Giaquinta and 
Struwe ||4). 

Lemma 2.2 (L p estimate). Let vibe a weak solution of the system d2.ll >. Then there exists 
an exponent p > 2 such that | Vu| £ L^ oc (Q.t); moreover for all Qr C Qar C Sir we /zave 

(2.4) 



|Vu| p <toft ) <C[-ff \Vu\ 2 dxdt 
JJo R J \JJoar 



'Qr J \JJqar 

3. Generalized diffusion equations 

In this section I discuss the type of parabolic systems I will refer to as diffusion system. 
Let 4> : R N — > R be a strictly convex, twice continuously differentiable function with 

(3.D m 2 <^ ZiZ .^<A\^\\ 

Then we say that u is a weak solution of 

(3.2) u,-A[V4>(u)] =0 
if u e V(Q. T ;R N ) and for all w £ H^H^R^) 

(3.3) // -u i W i + (^ Zi (u)) Xa w i Xa dxdt = 0. 
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This is a standard quasi-linear elliptic system of the type in J2.1| i, since we can rewrite it as 

(3.4) uj + (4> z , z , (u)< ) xa = for all i e {1 . . JV} . 

If in addition u is bounded I say u is bounded weak solution. 

As I have mentioned before this equation is a generalization of scalar nonlinear diffusion 
equation. It has several nice properties. First, its flow is a contraction in H~'(i2) and its 
solutions are unique. Second, weak solutions of ( 13.21 ) are in H| oc (0, T;Lf oc (Q.)), that is 
their weak derivatives in time are in \^ oc {Q.t). Furthermore, if the solution is bounded, the 
gradient in x is actually in hf oc (Q.T)- 

First I show that flow is a contraction in H 1 (£2). 

Theorem 3.1 (Uniqueness). Let uq,u\ € V(£It',^. n ) be two weak solutions of (13 -2b with 
the same boundary conditions, that is uo{-,t) = wi(-,f) on d£i for almost all t £ [0,T]. 
Denote by i : L 2 (£2) — > H _1 (£2) the natural embedding of square integrable functions in 
H 1 defined by 

<•(/)«:= / f<l>dx. 
Jn 

Then we have for T > 1 1 > to > 

(3.5) ||«(«o(ti) — «i(*i))|Ih-i(£») ^ c*^-^ |[»*(»«o(*o) — «t(<b))]| H -i(Q) » 
where X as in d3.ll). 



Proof Let us denote by //, the Steklov average of / defined as 

rt+h 



rt+n 

f h (x,t) := J f(x,s)ds. 



Also for simplicity we will write for V<I>(ufc) with k = 1,2. It is not very hard to show 
that (life)/, and (vj.)/, weakly satisfy 

(3.6) {(u k ) h ) t -A((v k ) h )=0. 

Let us denote the solution of 

Aw = /, w = on Q. 
by A -1 /. Then the H 1 (£2) norm of /(/) is given by 

IN(/)llH-Hn) = jT|V(A-V)| 2 d*. 

For simplicity for an / 6 L 2 (£2) let us write ||/|| H -i instead of H'C/OIIh-^si)- Now fix h. 
For to, 1 1 G (h,T — h) we compute 



(3.7) (e^'\\{yx x ) h -{no) h \\l- 



= h+h, 

>0 



where 



and 



dt, 



h= / 2 e 2Ar VA- 1 ((ui) /l -(uo), I )-VA- 1 ((u 1 ) /l -(u )/ ! )rdxdf. 
Jt Jn 

Using the equation and the fact that Uq and Ui have the same trace, for I2 we obtain 

h = ~ /" / 2e 2X '({u l ) h - (uo) h ) • ((vi) A - (v ) h )dxdt 



Taking the limit of both sides of the equation (13. 7t as h — > we get 
(3.8) (e 2A '|l(ui 



»i - uoIIh- 



'1 

'0 



where 



and 



7 3 = /"2A^'||ui-u ||^ 

Jt 



dt, 

t 



2e 2lt (m - U ) • (vi - v ) dxdf 

to JQ. 

< - I ' / 2Xe n '\ui -u | 2 dxdr 



( 

dt. 



; - r^A^'llui-uoll 2 , 



Thus we see that I3+I4 <0 and we establish the result for T >t\ > fo > 0. We establish 
the Theorem by taking the limit as to — > and fj — ► 7\ □ □ 

Let us now derive the H 2 estimates for the solutions of (13.21 ). In general, quasi-linear 
parabolic systems do not have H 2 estimates and the fact that solutions of generalized diffu- 
sion equations do have them is the consequence of the special structure that equation ( 13.21 ) 
possesses. 



Theorem 3.2 (H 2 estimates). Let u 6 V(Q.t',R n ) be a weak solution of (13.2b . Then u t 6 
L 2 oc (£l7-) and for Q(x,t,r) C Q{x,t,R) C we have the following estimates 

(3.9) // \u,\ 2 dxdt < , C , [[ \Vu\ 2 dxdt, 

JjQ(x,t,r) (R - r) z JjQ( x ,t,R) 

(3.10) ff \V 2 (V z <P(u))\ 2 dxdt < , C x , ff |Vu| 2 <ix,ir. 

JjQ(x,t,r) {R - r) L JjQ{x,t,R) 

Proof. As before we will write v for V<t>(u) and //, for Steklov average of /. Denote by 
£ € C^(£2) a smooth bump function supported in Br(x) C il, which is identically one on 
B,(jt) C i2 with || m < C/(R-r). Also denote by rj <E ((f -fi 2 ,f]) a function that 
is identically one on [f — r 2 , t ] and supported in [t — R 2 ,t] with 1 77 ' | < C/(R 2 — r 2 ). Then 
multiplying equation 

(u A )*-A(v ft )=0 

by {yh)t<i 2 f} we obtain 

(u ft ) J (V A >| 2 T J +V(T A )V(T A ) t § 2 TJ+V(T A )(T A ) f 2§V§T/dtdf = 0. 



r-R 2 JQ. 

Using strict convexity on the first term, integrating the second term in time by parts and 
using Holder inequality twice we obtain 



, ^(u^l^rjdxdr + / |V( V/I )| 2 ^J? 

R 2 JQ.2 



dx 



< C(\\ri'\l+\m\\i) f f |V(v A )| 2 | 2 d* 
Jt-R 2 J a 



Thus taking a limit as /; — > we deduce that u, e L 2 oc {Q) and derive estimate d3.9t as 
claimed. To prove ( 13.101 ), we use H 2 estimates for the Laplacian to get the following for a 
fixed t : 



|V 2 v| 2 dx< C 



lB r (x)x{t} 1 ' '' "" " ' (R-r) 2 
Integrating in time and using estimate (13.91 we get 



|Vv| 2 dx + / \u t \ 2 dx. 

sWx(l) JBg(x)x{t} 



|V 2 v| 2 dxdr < . C , [[ |Vv| 2 dxdf. 

Q(xf,r) (R - r) JjQ(x,t,R) 

□ □ 

In addition to H 2 estimates for weak solutions, bounded weak solutions of equation 
(13.2b are actually in L 4 oc . This is rather unusual since most quasi-linear equations do not 
have L 4 estimates. 

Theorem 3.3 (L 4 estimate for bounded solutions). Let u be a weak bounded solution of 
the equation ( 13.21 l. Then Vu is locally in L 4 and for Q(x,t,r) C Q(x,t 7 R) C £27- we have 
the following estimate: 

(3.11) ff \Vu\ 4 dxdt < C ^ U ^t II \Vu\ 2 dxdt. 

JJQ(x,t,r) [ R - r ) JJQ(x,t,R) 

Proof. Let us again denote V<t>(u) by v and let T : R — > R be a smooth increasing func- 
tion that is linear on (— °°, 1] and constant on [2,°°). For some large enough constant 
Ci, CiX(z) > z(t'{z)) 2 . Define T £ as T e (x) := x{ex)/e. Notice that W^W^ < C Q and 
CiT £ (z) > z{i' E {z)) 2 with constants independent of e. Letting ^ be a smooth bump func- 
tion as in the proof of Theorem above, multiply the equation ( 13.21 ) by \x £ (\ Vv| 2 )^ 2 and 
integrate by parts to obtain 

M yT £ (|Vv| 2 )^ 2 + |Vv| 2 T E (|Vv| 2 )^ 2 

Q(x,t,R) 

+ 2vV; a vi /i ^(|Vv| 2 )vi: aX ^ 2 + 2v'v; a T E (|Vv| 2 )^, a dxd f = 0. 

Hence we compute 



// |Vv| 2 T £ (|Vv| 2 )^ 2 ckd f < // C 2 ||v||i|u ( | 2 ^ 2 + iT £ 2 (|Vv| 2 )^ 

JjQ(xJ,R) JJQ(x,t,R) 2 



lQ(x,t,R) JJQ(x 
+C3||V^||i||v||i|Vv| 2 + C 1 ||v||i|V 2 v| 2 ^ 2 + ^|Vv| 4 T £ (|Vv| 2 ) 2 ^ 2 dxd f . 

Simplifying and using estimates ( 13. 91 ), ( 13.101 ) and C\X £ {z) > z(t £ (z)) 2 we deduce 
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|Vv| z T £ (|Vv| z )(kdr < - " // |Vu| z dxdf. 

Q(x,t,r) ~ (R-r) 2 JjQ(x,r,R) 1 ' 

Taking a limit as e —> we deduce by monotone convergence theorem that Vu is locally in 
L 4 and the estimate as claimed in the statement of the Theorem. □ □ 

Remark 3.4. The fact that the gradient is actually locally in L 4 implies that the singular 
set of a bounded solution has parabolic Hausdorff dimension smaller than n — 2. As you 
may recall from Theorem l2. li the singular set is contained in the set 

\(x,t)eQ.T liminf— // |Vu| 2 dxdr > ol . 

\ v «-o R" JJq(xj.r) ' J 



Now using the Holder inequality and the fact that u locally in L we compute 

1 /2 

— ff |Vu| 2 ckdf < —iff |Vu| 4 dxdf) \Q(x,t,R)\ 1 ' 2 

R n JJQ{x,t,R) ' ' " R n \JjQ(x,r,R) ' 



CR^ ( II |Vu| 4 dxdf X ' 

'Q{x,t,R) 

C[R 2 " I/ Vu|-'dvd/ ' 



Hence the singular set must be contained in the set 

Mefl r liminf— // |Vu| 4 dxdf > ol , 

' R^O R"- 2 JJq( x ,,,r) 11 J 

which has n — 2 parabolic Hausdorff measure zero. 

4. The key lemma 

In this section I discuss the parabolic version of the lemma that seems to be key in the 
proof of everywhere regularity of some elliptic systems. Not surprisingly, it will turn out 
that the parabolic lemma is crucial to proving everywhere regularity of solutions to some 
types of parabolic systems. The elliptic lemma, to which I refer, is well known and the 
proof of it can be found in [3] in Chapter 7 as part of Theorem 1.1. 

Before we proceed with the discussion of this elliptic lemma let us recall that coeffi- 
cients a a p are called strictly elliptic if there exists X > such that 

aafi^^ >A|£| 2 for all ^£R". 

Lemma 4.1. Suppose coefficients a a p(x) are strictly elliptic, bounded and measurable. 
Let u £ V(Q.), f 6 L 1 (£1) be nonnegative functions satisfying 

(4-1) -(«aj3"^k+/<0 

on £2. For any xq 6 £lfor which Br (xq) C £lfor some Rq, we have the following: 

(4.2) liminf— ^ / fdx = 0. 

R"- 2 Jb r ( X0 ) 

The proof of this lemma is rather simple and follows easily from the elliptic Harnack 
inequality. Because of the peculiar geometry of the parabolic Harnack inequality, the ellip- 
tic proof does not translate directly into the parabolic case. Instead, by adopting proof of 
elliptic lemma to parabolic equations, one is able to control / on the cylinders whose top 
centers are slightly shifted back in time. In fact it is not true that / can be controlled on the 
cylinders whose top centers are not fixed, without additional assumptions on /. It turns out, 
however, that the assumption that one needs to impose to prove the parabolic version of 
the lemma is satisfied in applications to everywhere regularity of parabolic systems. What 
we need to assume is that for some a > 1 the L" norm of / on a cylinder is controlled by 
the L norm of /, perhaps on a larger cylinder. 

Lemma 4.2 (Key Lemma). Suppose coefficients a a p (x,t) are strictly elliptic, bounded and 
measurable. Let u £ V(£lr), f £ L 1 (£It) be nonnegative functions weakly satisfying 

(4.3) u, - (a a pu x? ) Xa + f < 
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on Further suppose that for some a > 1 our f satisfies the following: 

(4.4) (-ff f a dxdt) 1 <C-ff fdxdt, 
\jJQr ' J J J Oar ' 

for all Qr C Q\r C Q.t- Then for any (xo,to) £ Sir for which 

Br {x ) x (t Q -Rl,t Q +Rl) <ZQ. T , for some R , 
we have the following: 

(4.5) liminf— ff fdxdt = 0. 

Proof Fix < a < 1 /4. Set 

Ri :=a'R , Q, := Q(xo,t ,Ri), M,:=supw 

a 

and 

e; : = e(x ,f - ^ 2 rI (i - 8ct 2 ) 1/2 r,), 

Gf := e(x ,fo-2(T 2 /; 2 ,(l -4cj 2 ) 1 / 2 i R ! ). 
We divide the proof in three steps. In the first step we show that for any a E (0, 1/4] we 
have 

lim — ff fdxdt = 0. 

Once we have done that, we show that we can control / on Qi\Q' { with the help of the 
assumption on /. Finally we will put it all together to conclude the lemma. 
Step 1. Fix i, and set z '■— Mi — u. We see that z > on Qj and z satisfies 

(4-6) z t - {a a pz xjs ) Xa > /■ 

In particular, due to parabolic Harnack inequality (see Theorem 6.24 in 0) 

(4.7) -U- zdxdf<Cinfz. 

JJqV Qi+i 

Let w solve backward time parabolic equation 

( 4 -8) -w t - {a a pw Xa ) Xfj = -^Xq>> 

on Qt with w = on the backward time parabolic boundary, that is 

w = 0on (dB Ri (x ) x [t ~ Rf,t Q }) U (B Ri (x ) x {t }). 

At this point if zw were actually differentiable in time, we would multiply equation ( |4.8t 
by zw and integrate by parts to obtain 

-Z (y) +a <xpzp (y) +a a pw Xa w Xp zdxdt = ^ JJ ^zwdxdt, 

and since z satisfies equation ( 14.6b we would conclude that 
1 



In general we cannot expect zw to be differentiable in time. To obtain equation ( |4.9t rigor- 
ously one would need to use Steklov average 

1 f' 

(zw) h (x,t):= - z{x,x)w(x,x)dx 
h Jt-h 



as a test function in ( 14.81 ). However, we will not do this here, instead I refer the reader to 
Lemma 6.1 in (5'|, where similar computation has been carried out. 

Now, since w solves ( 14.81 ), by strong maximal principle w > > on Q\ and also w < C 
on Qi, with bounds independent of i (one can see this by scaling for example). Therefore, 
combining this observation with inequality (14.71 ). we obtain 

-4 [[ fdxdt <C-U- zdxdt<CMz = C(Mi-M i+1 ). 
R" J Jo' ' J Jo 1 ' Q M 



However, since 



< supM, 

i=0 Go 

we conclude that 

— // fdxdt^O as /— >oo. 

Step 2. Let A be some measurable set. We will show that for all Qr C Qsr C Qr and for 
all £, there exists 8 such that if \A DQr\ < 8\Qr\, then 

— // fckdf < e. 
R" J J Ano* 

First, we can easily deduce by the argument similar to the one in part 1, that 

(410) WrIL'**- c ' 

where constant is independent of R. 
We now use (14.4b to conclude that 

l/a 



[[ /dxdf < (r^-rff f a dxdt) |&| 1/a |Ane fl | 

JJahQr \ \ Qr\ J Jac\q r J 



1-1/ a 



CI '\AI1Q R 



= C\Q R \ l / a \AnQ R \ l - l / a -ff fdxdt 

JJQar 

// fdxdt <C,R n 8 l - l l a . 

\Qr\ J JJQ4R 

Above, the last inequality follows by (14.10b . 
Step 3. 

Finally we put everything together. Fix e > 0. First notice that by choosing a small enough 
we can make 

where C\8 x ~ l l a < e/2. Then by first step we can find i > 2 such that 

i/^/dxd^/2. 
Finally, the above together with conclusion of second step gives us 

r\ Jl fdxdt = hlk fAxAt+ hSL fdxAt < £ 

□ □ 

Now we are in position to apply our key Lemma to deduce crucial importance of entropy 
in questions of everywhere regularity for parabolic systems. 
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Theorem 4.3 (Entropy condition). Let u be weak solution of d2.lt . Suppose there exists 
(j) E V(Qt) that together with u weakly satisfy the following inequality: 

^t-(a a p^) Xa +X\Vu\ 2 <0, 

where a a p are bounded and strictly elliptic. Then u is everywhere Holder continuous on 
the interior ofUj- 

Proof. Since u satisfies condition ( 12.41 >. we see immediately that conditions of the key 
Lemma l4~2l are satisfied. Therefore, we conclude that 



1 



liminf — // |Vu| 2 dxdf =0. 

However, this is precisely the condition (12.3b of Theorem 12. II Hence we conclude that u 
is everywhere Holder continuous on the interior of £2 7-. □ □ 

5. Everywhere regularity of certain diffusion systems 

In this section we come back to the discussion of weak solutions of the diffusion system 
( 13.21 ). imposing additional requirement that <t>(z) is a function of only the norm of z- As we 
will see this allows us to conclude much more about solutions of this equation. In particular 
solutions are bounded if they are bounded initially and at the boundary. More importantly, 
solutions are actually everywhere Holder continuous and thus smooth if <E> is. 

First I will show that in the case when <t> is a functions of only the norm, weak solu- 
tions of equation (13.2b that are bounded initially and bounded at the boundary will remain 
bounded for all time. 

Theorem 5.1 (Boundedness). Let u be a weak solution of the generalized diffusion equa- 
tion d3.21 >. Also suppose that \\u(-,0)\\ L oz^ < 00 and ||u( - >0llL°°(d£i) < °°for all t € [0,T], 
Then \\VL\\ifo(p\ < 00 and we have 

(5.1) ||o(-»0IIl~(o) < ma M K->0)IIl~(q)> su P IK.^IlL-fcto) (■ 

I «E[0,*] I 



Proof Set B to 



fi = max<^ ||u(-,0)|| L . (n)) sup |[u(-,s)|| L . (aQ) 

I *e[o,f] 



Fix e > that is less than one. Let 7 : R+ -^Ibea smooth convex function which is 
identically zero on [0,B+ e], positive and increasing otherwise, and linear on [B + 1,°°). 
Also set r(z) to y(|z|). Then we compute 

— / F(u(x,t))dx = [ r, w!dx 
dt Jn Jn 

1 <I> u[ ) —Y-,,Q,, 7 u\ u{ dx 



< 

= 0. 



r z & z .,,u J x v a dS 
da z ' " Xa 



The inequality is true because Hessians of two functions of only the norm commute and 
both r and <t> are convex. The last equality is true because 7 is identically zero on [Q,B + e] 
and I u I is less than or equal to B on the boundary. Since T(u) is positive and initially zero 
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we conclude that T is zero up to time t and thus ||u(-,f)|| 00 < B + e. Since the inequality is 
true for all e > the Theorem follows. □ □ 

The next Lemma will show that if we suppose that <I>(z) is a function only of the norm 
of z, then there exists an entropy that satisfies conditions of Theorem l4.3l 

Lemma 5.2. Let vibe a weak bounded solution of ( 13.21 i and suppose 4> is of the form 

*(u) = *(M). 

Then there is a continuously differentiate, strictly increasing function y : R — > 1R such that 
(j) = 0(|u|) weakly satisfies the following inequality: 

(5.2) </>,-A(y(</>))+A 2 |Vu| 2 <0. 

Proof. First of all, without loss of generality we can suppose that < t ) (0) = 0. Notice that (j) 
satisfies the following equation weakly: 

ft - (*«* W y«3U« + l V *( V4> ( U ))! 2 = °- 

Looking at the quantity inside the divergence term we see that it is equal to 

= Q|v*(u)| 2 

Since <t>(z) = 0(|z|), we observe that 

I|V4>(u)| 2 = ift(|u|) 2 . 

Let l// be the continuous inverse of (j). Set 

Y (z)= /V(y/(r))df. 
Jo 

Then multiplying /(0 (z)) by <j>'(z) and integrating, we see that y and (j) satisfy 

This y is continuously differentiable and strictly increasing, since is strictly convex. 
Therefore we conclude that (j) satisfies 

</>,-A(y(^)) + |V. v (V<I>(u))| 2 =0, 

and due to strict convexity the last term on the left hand side is greater or equal to A 2 |Vu| 2 . 

□ " □ 



Now we are in position to use the above Lemma 15.21 together with Theorem 14.31 to 
deduce 



Theorem 5.3. Weak solutions of equation A3.2i are Holder continuous in Sir- 
Proof Lemma 15.21 tells us, that for u a weak bounded solution of ( 13.21 . there exists 
satisfying 

ft-H>v a )* a +A 2 |Vu| 2 <0, 

where a(x,t) :— Y((p(x,t)). However, this is precisely the condition of Theorem l4.3l There- 
fore, we conclude the proof. □ □ 

li 



6. Strongly coupled parabolic systems 



One of the earliest nontrivial examples of quasi-linear parabolic systems whose solu- 
tions have interior everywhere regularity was due to Wiegner (7J. These are the so-called 
strongly coupled parabolic systems of the following form: 

(6- 1 ) K- {a a p u' Xfj + c' ali H Xlj ) Xa = 0, 

where 

(1) H — H(vl) is a function of u; 

(2) A'^p :— a a p8'-i + c' a pH Zj and a a p are strictly elliptic in the sense that 

m 2 <A%&^ andA|£| 2 <a ajS ^, for all £ G R" N , £ 6 R"; 

(3) H{z) is twice continuously differentiable and A|£| 2 < H ZlZ £ l Q; 

(4) a a p and c' a ^ are bounded. 

After Wiegner, Dung [2 1 also worked on these types of system. However, neither Wieg- 
ner's nor Dung's proofs of everywhere regularity for solutions of strongly coupled para- 
bolic systems reduce to something analogous to the key Lemma l4~2l It is instructive to 
prove everywhere regularity of weak solutions to d6.lt using the key Lemma to illustrate 
an underlying similarity between strongly coupled parabolic systems and generalized dif- 
fusion equations (|3.21 i. It appears that for both systems discussed in this paper the existence 
of an entropy is crucial for everywhere regularity of their solutions. 

Remark 6.1. When <t> only depends on the norm of the gradient, diffusion system d3.2t 
actually has the form of a strongly coupled system, except with possibly non-convex H. 
Indeed, if <E>(z) = <j)(\z\), then 



therefore, with 

f(|u|) 



x t si 

l<xP ~ lul P ' a P~M a P' 



and 

Jo s 

system ( 13.2b has the form ( 16. 11 1. 



We can prove an interior everywhere regularity result for strongly coupled parabolic 
systems rather easily using Theorem l4.3l As in the previous section I will show existence 
of an entropy. 

Lemma 6.2. Let u €V(Q.t',R. n ) be a weak bounded solution of ( 16. it , then for some large 
enough s there is a positive constant c such that v := e sIi is a subsolution of the following 
equation: 

(6-2) v t -(A a pv Xp ) Xa +c\Vu\ 2 <0. 
Proof. We compute 

(e sH ) t = se sH H Zl {a afi u' Xp +c' afi H Xfi ) Xa 

= (A ap (e sH ) Xp ) Xa - (se sH H z . ) Xa {a a p u Xfj + c i ap H Xfi ). 

12 



The last term on the right becomes 



(se sH H Zi ) Xa (a ap u^ +c' afi H Xp ) = s 2 e sH A afi H Xa H, 
+ se sH H ZlZj a afi u i Xa u i + se sH l 




> se' 



,sH 



The last inequality follows by first making e small and then s large. Since u is bounded, 
we have H is bounded from below. Therefore, for some c, v satisfies equation ( 16.21 ) as 



At this point we immediately conclude that conditions of Theorem 14.31 are satisfied. 
Therefore we have established 

Theorem 6.3. Bounded weak solutions of ( 16.71 ) are Holder continuous in 
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